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Abstract
In the present talk we present an investigation of nonabelian SU(N) gauge
theories, describing a system of fields with non–dual g and dual g˜ charges and
revealing the generalized dual symmetry. The Zwanziger type action is suggested.
The renormalization group equations for pure nonabelian theories, in particular for
pure SU(3) × S˜U(3) gauge theory (as an example) are analysed. We consider not
only monopoles, but also dyons. The behaviour of the QCD total beta–function
is investigated. It was shown that this beta–function is antisymmetric under the
interchange α↔ 1
α
(here α ≡ αs), and has zero (“fixed point”) at α = 1. Monopoles,
or dyons, are responsible for the phase transition. Considering critical points at
α1 ≈ 0.4 and α2 ≈ 2.5, we give an explanation of the freezing of αs.
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1 Introduction: Loop space variables of nonabelian
theories
In the last years gauge theories essentially operate with the fundamental idea of duality.
In the present investigation we consider the SU(N) nonabelian theories in terms of
loop variables. For the standard (non–dual) sector we consider the path ordered expo-
nentials:
Φ(C) = P exp
[
ig
∮
Aµ(ξ)dξ
µ
]
= P exp
[
ig
∫ 2pi
0
Aµ(ξ)ξ˙
µ(s)ds
]
,
where C is a parameterized closed loop with coordinates ξµ(s) in 4–dimensional space
Figure 1:
(see Figure 1). The loop parameter is s: 0 ≤ s ≤ 2π;
ξ˙µ(s) =
dξµ(s)
ds
.
We also consider the following unclosed loop variables:
Φ(s1, s2) = P exp
[
ig
∫ s2
s1
Aµ(ξ)ξ˙
µ(s)ds
]
.
Therefore
Φ(C) ≡ Φ(0, 2π).
For the dual sector we have:
Φ˜(C˜) = P exp
[
ig˜
∮
A˜µ(η)dη
µ
]
= P exp
[
ig˜
∫ 2pi
0
A˜µ(η)η˙
µ(t)dt
]
,
1
Figure 2:
where C˜ is a parameterized closed loop in the dual sector with coordinates ηµ(t) in the
4–dimensional space (see Figure 2). The loop parameter is t: 0 ≤ t ≤ 2π;
η˙µ(t) =
dηµ(t)
dt
.
The unclosed loop variables in the dual sector are:
Φ˜(t1, t2) = P exp
[
ig˜
∫ t2
t1
A˜µ(η)η˙
µ(t)dt
]
.
Therefore
Φ˜(C˜) ≡ Φ˜(0, 2π).
Here standard and dual sectors have coupling constants g and g˜, respectively.
Considering, for simplicity of presentation, only gauge groups SU(N), we have
vector–potentials Aµ and A˜µ belonging to the adjoint representation of the SU(N) and
S˜U(N) groups:
Aµ(x) = A
j
µt
j , A˜µ(x) = A˜
j
µt
j, j = 1, ..., N2 − 1,
where tj are generators of the SU(N) group. As a result, we consider nonabelian theories
having a doubling of symmetry from SU(N) to
SU(N)× S˜U(N).
2
2 The nonabelian Zwanziger–type action and duality
Following the idea of Zwanziger [1] to describe symmetrically non–dual and dual abelian
fields Aµ and A˜µ, covariantly interacting with electric j
(e)
µ and magnetic currents j
(m)
µ ,
respectively, we suggest to construct the generalized Zwanziger formalism for the pure
nonabelian gauge theories, considering the following Zwanziger–type action:
S = −
2
K
∫
Dξµds
{
Tr (Eµ[ξ|s]Eµ[ξ|s]) + Tr
(
E˜µ[ξ|s]E˜µ[ξ|s]
)
+ iT r
(
Eµ[ξ|s]E˜(d)µ [ξ|s]
)
+ iT r
(
E˜µ[ξ|s]E(d)µ [ξ|s]
)}
ξ˙−2(s) + Sgf , (1)
Here we have used the Chan–Tsou variables [2]:
Eµ[ξ|s] = Φ(s, 0)Fµ[ξ|s]Φ
−1(s, 0), (2)
where
Fµ[ξ|s] =
i
g
Φ−1(C(ξ))
δΦ(C(ξ))
δξµ(s)
(3)
are the Polyakov variables. Using Φ˜, we have the analogous expressions for F˜µ[ξ|s] and
E˜µ[ξ|s]. In Eq. (2) K is the normalization constant:
K =
∫ 2pi
0
dsΠs′ 6=sd
4ξ(s′), (4)
Sgf is the gauge–fixing action, excluding ghosts in theory:
Sgf =
2
K
∫
Dξµds
[
M2A
(
ξ˙ · A
)2
+M2B
(
ξ˙ · A˜
)2]
ξ˙−2. (5)
Also we have used the Chan–Tsou generalized dual operation [2]:
E(d)µ [ξ|s] =
−
2
K
ǫµνρσ ξ˙
ν
∫
Dηµdtω(η(t))Eρ[η|t]ω−1(η(t))η˙σ(t)η˙−2δ(η(t)− ξ(s)). (6)
The last integral in Eq. (6) is over all loops and over all points of each loop, and the
factor ω(x) is just a rotational matrix allowing for the change of local frames between the
two sets of variables. In the abelian case expression (6) coincides with the Hodge star
operation:
F ∗µν =
1
2
ǫµνρσFρσ,
but for nonabelian theories they are different.
From our Zwanziger–type action we have the following equations of motions:
δEµ[ξ|s]
δξµ(s)
= 0,
δE˜µ[ξ|s]
δξµ(s)
= 0. (7)
Such a theory shows the invariance under the generalized dual operation, that is, has a
dual symmetry under the interchange:
Eµ ←→ E˜µ. (8)
Here E˜µ is given by the Chan–Tsou dual operation:
E˜µ = E
(d)
µ . (9)
3
3 The charge quantization condition
Considering the Wilson operator:
A(C) = Tr
(
P exp
[
ig
∮
C
Aµ(ξ)dξ
µ
])
,
which measures chromo–magnetic flux through C and creates chromo–electric flux along
C, also considering the dual operator:
B(C˜) = Tr
(
P exp
[
ig˜
∮
C
A˜µ(η)dη
µ
])
,
which measures chromo–electric flux through C˜ and has chromo–magnetic flux along C˜,
we can use (following Ref. [2]) the t’Hooft commutation relation:
A(C)B(C˜) = B(C˜)A(C) exp(2πn/N), (10)
where n is the number of times C˜ winds around C and N ≥ 2 is for the gauge group
SU(N). This t’Hooft relation produces the generalized condition for the charge quanti-
zation:
gg˜ = 4πn, n ∈ Z, (11)
so called the Dirac–Schwinger–Zwanziger (DSZ) relation.
Using constants containing the elementary charges g and g˜ (the case n = 1):
α =
g2
4π
, α˜ =
g˜2
4π
, (12)
we have the following relation:
αα˜ = 1. (13)
4 Renormalization group equations and duality
For pure nonabelian gauge theories, duality gives a symmetry under the interchange:
α↔ α˜, or α↔
1
α
, (14)
what follows from the relation (13). For the first time such a symmetry was considered
in the Yang–Mills theories by Montonen and Olive [3].
In nonabelian theories with chromo–electric and chromo–magnetic charges the deriva-
tives
d lnα/dt and d ln α˜/dt
are only functions of the effective constants α(t) and α˜(t), as in the Gell–Mann–Low
theory. Here t = ln(µ2/M2), µ is the energy variable and M is the renormalization scale.
In general case, we can write the following RGEs [4, 5]:
d lnα(t)
dt
= −
d ln α˜(t)
dt
= β(α)− β(α˜) = β(total)(α), (15)
4
which comes from the dual symmetry and charge quantization condition, valid for arbi-
trary t: α(t)α˜(t) = 1. In Eq. (15) β(α) is the well–known perturbative beta–function.
Here we see that the total beta–function for the pure nonabelian theory:
β(total)(α) = β(α)− β(α˜) (16)
is antisymmetric under the interchange (14), what means that β(total)(α) has zero (“fixed
point”) at α = α˜ = 1:
β(total)(α = α˜ = 1) = 0. (17)
5 An example of beta–function in the case of the pure
SU(3) colour gauge group (Part I)
The investigation of gluondynamics – the pure SU(3) colour gauge theory – shows that
at sufficiently small α < 1, the β–function in the 3–loop approximation is given by the
following series over α/4π [6]:
β(α) = −
[
β0
α
4π
+ β1
( α
4π
)2
+ β2
( α
4π
)3
+ ...
]
, (18)
where
β0 = 11, β1 = 102, β2 = 1428.5. (19)
QCD shows that αs is freezing at the value αs ≈ 0.4 [7]. Assuming the following freezing
QCD coupling constants:
β(α) = 0 for α > 0.4, and β(α˜) = 0 for α˜ > 0.4, or
β(α) = 0 for 0.4 < α, α˜ <
1
0.4
= 2.5,
we have the behaviour of β(total)(α) = β(α)− β(α˜) = β(α)− β(1/α), given by Figure 3.
6 The “abelization” of monopole vacuum of nonabelian
gauge theories
In the light of contemporary ideas of the abelization of the SU(N) gauge theories [8] (see
also [9]), it is attractive to consider the behaviour of β(total)(α) in the vicinity of the point
α = 1.
Lattice investigations of the pure SU(3) theories show that in some region α >
αconf non–perturbative effects lead to the phenomenon when the gauge fields A
J
µ (here
J = 1, ...8) make up composite configurations of monopoles, which form a monopole
condensate. Such a condensate creates strings between chromo–electric charges, which
confine these charges. It is natural to think that the same configurations are created in
the local SU(3) gauge theory and imagine them as the Higgs fields φ˜(x) of scalar chromo–
magnetic monopoles. T’Hooft [8] suggested to consider such a gauge, in which monopole
degrees of freedom, hidden in composite monopole configurations, become explicit and
abelian.
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Figure 3:
He developed a method of the Maximal Abelian Projections (MAP). According to
this method, in the non–perturbative region scalar monopoles are created only by the
diagonal SU(3) components (Aµ)
i
i
of gauge fields (Aµ)
i
j
, where i, j = 1, 2, 3 are colour
indices, and interact only with the diagonal S˜U(3) components of gauge fields (A˜µ)
i
j
.
In the non–perturbative region, the non–diagonal SU(3) and S˜U(3) components
of gauge fields are suppressed and the interaction of monopoles with dual gluons is de-
scribed by U˜(1) ⊗ U˜(1) (Cartain) subgroup of S˜U(3) group. These monopoles can be
approximately described by the Higgs fields φ˜(x) of scalar chromo–magnetic monopoles,
interacting with gauge fields A˜µ.
Recalling the generalized dual symmetry, we are forced to assume that the similar
composite configurations have to be produced by dual gauge fields A˜Jµ, and described by
the Higgs fields φ(x) of scalar chromo–electric “monopoles”, interacting with gauge fields
Aµ. The interaction of “monopoles” with gluons also has to be described by U(1)⊗U(1)
subgroup of SU(3) group.
In general, U(1)–subgroups are arbitrary embedded into the SU(N) gauge group:
U(1)N−1 ⊂ SU(N), and in the non–perturbative region SU(N) gauge theory is reduced
to the abelian U(1)N−1 theory with N − 1 different types of abelian monopoles.
The generators of the Cartain subgroup are given by the diagonal Gell–Mann ma-
trices:
t3 =
λ3
2
and t8 =
λ8
2
.
Thus, in the non–perturbative region we have the following equations for the diagonal
6
Fµν , φ and φ˜ [5]:
∂νF
J=3,8
µν =
i
2
g
[
φ+
(
λ3,8
2
)
Dµφ− (Dµφ)
+
(
λ∋,∀
∈
)
φ
]
, (20)
and
∂νF˜
J=3,8
µν =
i
2
g˜
[
φ˜+
(
λ3,8
2
)
D˜µφ˜− (D˜µφ˜)
+
(
λ3,8
2
)
φ˜
]
, (21)
where
Dµ = ∂µ − igAµ and D˜µ = ∂µ − ig˜A˜µ.
Here we can choose two independent abelian monopoles as:
φ˜1 = (φ˜)
1
1 and φ˜2 = (φ˜)
2
2,
and also two independent abelian scalar fields with electric charges:
φ1 = (φ)
1
1 and φ2 = (φ)
2
2.
Considering the radiative corrections to the gluon propagator shown in Figure 4,
it is easy to calculate that both, abelian monopoles φ˜1,2 and “monopoles” φ1,2, have the
following charges g(MAP ) and g˜(MAP ):
α(MAP ) =
α
2
, α˜(MAP ) =
α˜
2
. (22)
Figure 4:
Using notations: fµν,i ≡ (Fµν)
i
i, aµ,i ≡ (Aµ)
i
i and a˜µ,i ≡ (A˜µ)
i
i, we have the following
equations valid into the non–perturbative region of QCD (i = 1, 2):
∂νfµν,i =
i
2
g(MAP )
[
φ+i Dµφi − (Dµφi)
+φi
]
, (23)
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and
∂νf
∗
µν,i =
i
2
g˜(MAP )
[
φ˜+i D˜µφ˜i − (D˜µφ˜i)
+φ˜i
]
, (24)
where
Dµ = ∂µ − ig aµ, D˜µ = ∂µ − ig˜ a˜µ.
In the case of scalar electrodynamics, which is an Abelian (A) gauge theory, we have
the following beta–function in the two–loop approximation:
βA(α
(em)) =
α(em)
12π
(
1 + 3
α(em)
4π
+ ...
)
. (25)
For this abelian theory we have the Dirac relation:
α(em)α˜(em) =
1
4
,
and the following RGEs for electric and magnetic fine structure constants:
d lnα(em)(t)
dt
= −
d ln α˜(em)(t)
dt
= βA(α
(em))− βA(α˜
(em))
=
α(em) − α˜(em)
12π
(
1 + 3
α(em) + α˜(em)
4π
+ ...
)
. (26)
As it was shown in Refs. [4], the last RGEs can be considered by perturbation theory
simultaneously only in the small region (approximately):
0.2
<
∼ α(em), α˜(em)
<
∼ 1. (27)
This is valid for all abelian theories.
The behaviour of the effective fine structure constants was investigated in the vicinity
of the phase transition point in compact lattice QED by the Monte Carlo simulation
method [10]. The following result was obtained:
αlat.QEDcrit ≈ 0.20± 0.015, α˜
lat.QED
crit ≈ 1.25± 0.10, (28)
which is very close to the perturbative region (27) for parameters α(em) and α˜(em).
Using the two–loop approximation for the effective potential in the Higgs model of
dual scalar electrodynamics, in Ref. [11] we have obtained the following result:
α
(em)
crit ≈ 0.21, α˜
(em)
crit ≈ 1.20. (29)
These values also are very close to the above–mentioned region (27). Then our abelian
monopoles, arising in QCD as a result of MAP, have the following critical constant value:
α˜
(crit)
(MAP ) ≈ 1.25, (30)
what gives the beginning of the confinement region for QCD:
α1 = αconf =
1
α˜(crit)
=
1
2α˜
(crit)
(MAP )
≈
1
2.5
= 0.4. (31)
We have received an explanation of the value of freezing α.
By dual symmetry, the end of the perturbative region for the scalar field φ is:
α˜conf ≈ 0.4, what corresponds to α2 = 1/α1 ≈ 2.5.
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7 An example of beta–function in the case of the pure
SU(3) colour gauge group (Part II)
The last investigation shows that in the region:
0.4
<
∼ α, α˜
<
∼ 2.5 (32)
we have an abelian theory (abelian dominance) with the two scalar monopole fields φ˜1,2
and two scalar fields φ1,2. The corresponding beta–functions are:
d lnα(MAP )(t)
dt
= −
d ln α˜(MAP )(t)
dt
= 2
[
α(MAP ) − α˜(MAP )
12π
(
1 + 3
α(MAP ) + α˜(MAP )
4π
+ ...
)]
, (33)
what gives the following beta–functions:
d lnα(t)
dt
= −
d ln α˜(t)
dt
=
α− α˜
12π
(
1 + 3
α+ α˜
8π
+ ...
)
, (34)
valid in the region (32).
The behaviour of the total beta–function for the pure SU(3) colour gauge theory is
given by curves 1,2,3 in Figure 5 (curve 1’ corresponds to QCD), where the regions of the
formation of strings also are shown.
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Of course, we do not know the behaviour of β–functions near the phase transition
points. But this points explain the approximate freezing of α in the region (32), where
both charges, chromo–electric and chromo–magnetic ones, are confined. Chromo–electric
strings exist for α > 0.4 , but chromo–magnetic ones exist for α < 2.5, what is shown in
Figure 5.
Here we see that the total beta–function has zero at the point α = α˜ = 1, predicted
by our theory.
8 Dyons
The dual symmetry of the pure nonabelian theories leads to the natural assumption that in
the non–perturbative region, not monopoles and “monopoles”, but dyons are responsible
for the confinement [12]. Then we have united Higgs abelian scalar dyon fields φ1,2,...N−1,
having simultaneously electric and magnetic charges, and the following equations for each
components i = 1, 2, ..., N − 1 can be considered:
∂λfλµ,i = ig(MAP )
[
φ+i Dµφi − φiDµφ
+
i
]
, (35)
and
∂λf
∗
λµ,i = ig˜(MAP )
[
φ+i D˜µφi − φiD˜µφ
+
i
]
, (36)
where
α(MAP ) =
α
N − 1
and α˜(MAP ) =
α˜
N − 1
. (37)
The behaviour of the SU(3)×S˜U(3) total beta–function, given by Figure 5 in the previous
Section, is valid for the case of dyons.
Dual symmetry is absent in nonabelian theories with matter fields.
9 Conclusions
1. In the present investigation we have suggested the Zwanziger type action for pure
nonabelian theories.
2. We have shown that this action reveals the generalized dual symmetry of nonabelian
theories and confirms the invariance under the interchange:
α→ α˜ =
1
α
.
3. Such a symmetry leads to the generalized renormalization group equations:
d lnα(t)
dt
= −
d ln α˜(t)
dt
= β(α)− β(α˜) = β(total)(α)
with the total beta–function β(total)(α), which for pure nonabelian theories is anti-
symmetric under the interchange:
α↔ α˜, or α↔
1
α
.
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4. We have shown that, as a result of the dual symmetry, β(total)(α) has zero at α =
α˜ = 1:
β(total)(α = α˜ = 1) = 0.
5. We have applied the method of the Maximal Abelian Projections by t’Hooft to the
description of the total beta–function in the case of the pure SU(3) gauge theory,
and demonstrated the behaviour of this beta–function in the region:
0 ≤ α, α˜ <∞.
6. At the first step we have considered the existence of the N − 1 Higgs abelian scalar
monopole fields φ˜1,2,...,N−1 and N − 1 Higgs abelian scalar electric fields φ1,2,...,N−1
in the non–perturbative region of the pure nonabelian SU(N) gauge theories.
7. At the second step we have assumed that the generalized dual symmetry naturally
leads to the existence of the Higgs scalar dyon fields φ1,2,...,N−1, which are created in
the non–perturbative region of the pure SU(N) gauge theories by non–perturbative
effects of gluon fields. These abelian dyons describe the total beta–function in the
non–perturbative region. For the pure SU(3) gauge theory this non–perturbative
region is:
0.4 ≤ α ≤ 2.5,
what explains the freezing of αs in QCD.
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